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ABSTRACT
We present results from the first global 3D MHD simulations of accretion disks in Cataclysmic
Variable (CV) systems in order to investigate the relative importance of angular momentum
transport via turbulence driven by the magnetorotational instability (MRI) compared to that
driven by spiral shock waves. Remarkably, we find that even with vigorous MRI turbulence,
spiral shocks are an important component to the overall angular momentum budget, at least when
temperatures in the disk are high (so that Mach numbers are low). In order to understand the
excitation, propagation, and damping of spiral density waves in our simulations more carefully,
we perform a series of 2D global hydrodynamical simulations with various equation of states and
both with and without mass inflow via the Lagrangian point (L1). Compared with previous
similar studies, we find the following new results. 1) Linear wave dispersion relation fits the
pitch angles of spiral density waves very well. 2) We demonstrate explicitly that mass accretion
is driven by the deposition of negative angular momentum carried by the waves when they
dissipate in shocks. 3) Using Reynolds stress scaled by gas pressure to represent the effective
angular momentum transport rate αeff is not accurate when mass accretion is driven by non-
axisymmetric shocks. 4) Using the mass accretion rate measured in our simulations to directly
measure α defined in standard thin-disk theory, we find 0.02 . αeff . 0.05 for CV disks,
consistent with observed values in quiescent states of dwarf novae (DNe). In this regime the disk
may be too cool and neutral for the MRI to operate and spiral shocks are a possible accretion
mechanism. However, we caution that our simulations use unrealistically low Mach numbers in
this regime, and therefore future models with more realistic thermodynamics and non-ideal MHD
are warranted.
Keywords: accretion, accretion disks - magnetohydrodynamics (MHD) - stars: binaries: close -
novae, cataclysmic variables
1. INTRODUCTION
Accretion disks in cataclysmic variables (CVs) are
ideal laboratories for studying accretion physics for
several reasons. Firstly, a large body of observational
data exists to constrain theoretical models (see reviews
byWarner 1995; Lin & Papaloizou 1996; Hellier 2001).
For example, the observed episodic outbursts of dwarf
novae (DNe) provide tight constraints on the Shakura-
Sunyaev α viscosity parameter. The disk instability
model (DIM) indicates that α ∼ 0.1− 0.3 during out-
burst state (Cannizzo 1993; King et al. 2007a; Lasota
2001; Kotko & Lasota 2012a), and α ∼ 0.01 during
quiescence state (Cannizzo 1993). In addition, tech-
niques such as eclipse mapping and Doppler tomogra-
phy unveil the size, radial structure and kinematics of
the disk (Kaitchuck et al. 1994). Secondly, length and
time scales in CV disks are much smaller than in other
known accretion disk systems (e.g. AGN disks, proto-
planetary disks). For example, the radial range from
the surface of the white dwarf to the inner Lagrangian
point is only two orders of magnitude, to be compared
with four orders of magnitude in protoplanetary disks
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and even larger in AGN disks. This allows numerical
simulations to cover the entire range of both spatial
and temporal scale in the flow. In addition, since the
period of DNe outbursts is typically several days, such
short timescales allow observations to follow many cy-
cles. Lastly, the mass supply for the disk, e.g. gas
streaming through the inner Lagrangian (L1) point at
a rate of ∼ 10−10− 10−9M⊙/yr (Hellier 2001), is bet-
ter understood than in other accretion disk systems.
An important ingredient to understanding the
observed episodic outbursts in DNe is identifying
the mechanisms of angular momentum transport in
CV disks. There are two candidates. The first
is the spiral shock model (Lynden-Bell & Pringle
1974), in which the density waves are excited by
the non-axisymmetric gravitational potential and
transport negative angular momentum which is de-
posited into the gas when the waves steepen into
shocks. Two-armed spiral structures in CV disks
have been identified in lots of CV observations with
techniques of eclipse mapping and Doppler tomog-
raphy and comparison with hydrodynamical mod-
els (Baptista et al. 2005; Papadimitriou et al. 2006;
Klingler 2006; Golovin et al. 2007; Khruzina et al.
2008; Yakin et al. 2010; Neustroev et al. 2011; Bisikalo
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2011b; Kononov et al. 2012). The second mech-
anism is magnetorotational instability (MRI) in
which shear amplification of weak magnetic field in-
duces turbulent transport (Balbus & Hawley 1998).
Gammie & Menou (1998) proposed that the physical
origin of episodic accretion in DNe disks may be that
MRI turbulence is suppressed when the gas is predom-
inantly neutral at low temperature during the quies-
cent state. This implies that during quiescence, spi-
ral shocks may play a major role in angular momen-
tum transport, while during outbursts MRI and spiral
shocks both contribute.
Controversy exists on whether MRI is suffi-
cient to drive mass accretion during DNe outbursts.
King et al. (2007b) have suggested that even in the
DNe outburst phase, MRI alone cannot explain ob-
served accretion rates since some local shearing box
MHD simulations with zero net vertical magnetic field
(Bz) give α ≤ 0.02 (although see Shi, Stone, & Huang
2015). Kotko & Lasota (2012b) reiterated this dis-
crepancy using several methods to confirm the valid-
ity of α ∼ 0.1 − 0.2 from DNe outburst observations.
Hirose et al. (2014) conducted local, vertically strat-
ified, radiation MHD shearing box simulations with
zero net vertical magnetic field, and proposed one pos-
sible solution to the discrepancy: an enhanced stress
to pressure ratio α is produced by strong thermal con-
vection triggered due to large opacity near tempera-
ture of > 104 K which significantly increases magnetic
stress. However, to date, there are still no global MHD
models to investigate the interplay of spiral shocks and
MRI turbulence in angular momentum transport dur-
ing DNe outbursts.
Motivated by these questions, we have begun a
series of global MHD simulations of unstratified CV
disks to explore the angular momentum transport pro-
cess. Remarkably, we find that spiral shocks can co-
exist with MRI turbulence and play a more important
role than MRI in CV disks in certain specific param-
eter settings (see §3). Reynolds stress is larger than
Maxwell stress in some of our MHD models. There-
fore, in order to understand the relative importance of
spiral shocks and MRI in angular momentum trans-
port in CV disks, it is clear we first need to thoroughly
understand spiral shocks on their own.
There is a rich literature that explores the theory
of spiral waves in accretion disks of binary systems
(see reviews by Shu & Lubow 1981; Papaloizou & Lin
1995; Boffin 2001, and references therein). The basic
picture is as follows. In binary systems, the gravi-
tational force from the companion star provides per-
turbations to the gas orbits. In CV disks, or the
inner region of protoplanetary disks, these pertur-
bations are largest at inner Lindblad resonances of
the companion star (Lubow 1991), and propagate
inward in the form of waves (Goldreich & Tremaine
1980; Papaloizou & Lin 1984; Artymowicz & Lubow
1994). The wave fronts form a “spiral arm” pattern.
These wave patterns usually rotate slower than the
background Keplerian disk, so in principle they carry
negative angular momentum (Goldreich & Tremaine
1978). When the pattern speed exceeds the local gas
sound speed, the waves become non-linear and steepen
into shocks (Spruit 1987). Non-linear shock dissipa-
tion locally deposits the negative angular momentum
carried by the waves into the disk, and therefore the
disk loses angular momentum (Goldreich & Nicholson
1989; Rafikov 2016). Angular momentum transport is
driven by the net negative torque exerted on the disk
by the companion star, in other words, angular mo-
mentum is transported from the disk to the companion
star (Papaloizou & Pringle 1977; Lin & Papaloizou
1979a; Priedhorsky & Verbunt 1988; Savonije et al.
1994; Papaloizou & Lin 1995; Goodman & Rafikov
2001; Rafikov 2002). The rate of angular mo-
mentum transport driven by spiral shocks is found
very sensitive to shock amplitude (Rafikov 2016)
and disk temperature (Spruit 1987; Hennebelle et al.
2016). Except for resonant forcing of a compan-
ion object, there are other possible mechanisms
that can excite spiral density waves which may en-
hance angular momentum transport in the disk,
such as MRI turbulence (Heinemann & Papaloizou
2009a,b, 2012; Suzuki & Inutsuka 2014), convection
(Mamatsashvili & Rice 2011), external inflow from
a surrounding envelope (Bae et al. 2015; Lesur et al.
2015; Hennebelle et al. 2016), and self-gravity of the
disk (Bae et al. 2014; Dong et al. 2015a).
There is also a rich literature of 2D and 3D hydro-
dynamical simulations that explore spiral shock for-
mation in accretion disks in close binaries in more de-
tail (see review by Matsuda et al. 2000, and references
therein). Early work by Lin & Papaloizou (1979b)
and Sawada et al. (1986) and later numerical model-
ing for IP Peg (Godon et al. 1998; Armitage & Murray
1998) all observed spiral arms. Savonije et al. (1994)
studied the tidal excitation of spirals in CV disks by
understanding non-linear numerical results with lin-
ear tidal response calculation, and pointed out that
the tidal torques exerted on the disk negatively cor-
relates with Mach number (M). Blondin (2000) did
2D grid-based simulations of inviscid isothermal CV
disks and measured an effective α of order 0.1 in
the outer edge of the disk which is much smaller at
smaller radius. Makita et al. (2000) did 2D and 3D
grid-based simulations of CV disks with the simpli-
fied flux vector splitting (SFS) finite volume method,
and found that the opening angle of spiral waves is
correlated with ratio of specific heats (γ) which is
consistent with the analytical work by Spruit (1987).
Fujiwara et al. (2001) did similar 3D simulations and
investigated the interaction between the L1 stream
and the disk in more detail. A series of 2D and 3D
SPH simulations of accretion disks in binary systems
were conducted to investigate the occurrence of spi-
ral structures depending on the SPH particle concen-
tration, the gas compressibility and physical viscosity
(Lanzafame et al. 2002; Belvedere & Lanzafame 2002;
Lanzafame 2003; Lanzafame & Belvedere 2005, 2007;
Lanzafame 2008). Evidence of elliptical instabilities
driven by the mechanism proposed by Lubow (1991)
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were found in some of the hydro models (Bisikalo
2007; Kley et al. 2008; Bisikalo 2011a), which pos-
sibly is responsible for superhumps observed during
DNe outbursts. Spiral structures are also widely dis-
cussed in other astrophysical environment, such as
accretion disks in supermassive black hole binaries
(Matsui et al. 2006; Dotti et al. 2007; Mayer 2010;
Roedig et al. 2012), protoplanetary disks (Dong et al.
2015b; Zhu et al. 2015). However, regarding CV disks,
very little numerical work has been done in quantify-
ing the whole processes of tidal excitation, propagation
and dissipation of spiral waves, and the associated an-
gular momentum transport.
In this paper, we show that even when MHD tur-
bulence driven by the MRI is present, spiral waves
can be an important mechanism of angular momen-
tum transport at least when the disk is very hot (or
the Mach number of the flow is low). We present a
comprehensive set of 2D hydrodynamical models that
explore the excitation, propagation and dissipation of
spiral waves, to try to answer questions such as what
is the transport efficiency, whether it is consistent with
observations of DNe in quiescence, and how the behav-
ior of spiral shocks vary with different physical condi-
tions. Although our 2D hydrodynamical simulations
are similar to previous work , we present a number of
new results that emerge from a comprehensive analy-
sis of spiral waves in CV disks. For the first time, we
show:
1. The dependency of disk response to tidal forc-
ing on disk properties is qualitatively consis-
tent with but much steeper than linear theory
(Savonije et al. 1994): spiral waves are signifi-
cantly stronger if the disk size is larger or the
Mach number is lower (see §4.1).
2. The pitch angles of spiral waves follow the linear
wave dispersion relation with m = 2, resulting in
a unique relation between the pitch angles and
local Mach numbers of the disk. The self-similar
shock model by Spruit (1987) is not a good fit
to the spiral pattern, instead linear wave theory
works well (see §4.2).
3. By explicitly analyzing the angular momentum
budget of the disk, we conclude that the local
shock dissipation leads to angular momentum
loss of the disk gas and mass accretion. The
effective αeff is ∼ 0.02− 0.05 for CV disk mod-
els with mass accretion flow via the L1 point,
similar to observed values of DNe in quiescence
(see §4.3).
4. The popular method of using Reynolds stress
scaled by gas pressure to represent the effective
angular momentum efficiency αeff is not suit-
able for accretion disks in non-axisymmetric po-
tentials since αeff calculated in this way is not
sufficient to account for the mass accretion rate
according to the standard thin disk theory which
assumes a kinetic viscosity. Tidal torques and ef-
fects from the inner boundary conditions are also
important (see §4.3.1).
Our paper is arranged as follows. We introduce our
numerical methods, diagnostics and analytical analy-
sis of angular momentum budget in §2. We present the
results of our MHD model in §3. Our study of spiral
waves with hydrodynamical models are shown in §4
where we discuss the wave excitation in §4.1, the wave
propagation and spiral patterns in §4.2, the angular
momentum transport by spiral shocks in §4.3, the en-
ergy budget in §4.4, and a convergence study in §4.5.
Finally, further discussions and major conclusions are
presented in §5 and §6.
2. METHOD AND DIAGNOSTICS
2.1. Equations Solved
We solve the equations of compressible ideal MHD
in cylindrical coordinates using Athena++, a recent
extension of the grid-based Godunov code package
Athena (Stone et al. 2008). The equations for invis-
cid gas dynamics with an isothermal or adiabatic EOS
are:
∂ρ
∂t
+∇ · (ρv) = 0, (1a)
∂(ρv)
∂t
+∇ · (ρvv −BB+ P ∗I) = −ρ∇Φtot, (1b)
P = ρc2s, (1c)
for isothermal gas, or
∂E
∂t
+∇ · [(E + P ∗)v −B(B · v)] = −ρ∇Φtot · v,
(1d)
for adiabatic gas
∂B
∂t
−∇× (v ×B) = 0, (1e)
where ρ is the gas density (replaced with Σ in 2D hydro
simulations); B is the magnetic field vector; P ∗ =
P + |B|2/2 is the total pressure consisting of magnetic
and gas pressure; cs is the isothermal sound speed and
E is the total energy density
E =
P
γ − 1
+
1
2
ρv2 +
|B|2
2
(2)
We solve the equations in a frame of reference such
that the WD is at the origin, and the donor star rotates
around the WD on a circular Keplerian orbit. The po-
sition and velocity vectors in this frame are centered
on WD are r = (R, φ, z) and v = (vR, vφ, vz) respec-
tively. Since we solve the equations in a non-inertial
frame, we must include an indirect gravitational force
(Binney & Tremaine 1987). The total gravitational
potential in this frame is
Φtot = −
GM1
|r|z=0
−
GM2
|r−R2|z=0
+GM2
(R2 · r)z=0
R32
, (3)
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which consists of the potentials of the WD and donor
star, and the indirect term due to movement of the
origin where M1 and M2 are the masses of the WD
and the donor star respectively, and R2 is the position
of the donor star. We define the mass ratio of the
binary to be q = M2/M1. Throughout this work, we
adopt q = 0.3 which is a typical value for dwarf novae
(Hellier 2001). Since we are studying unstratified disks
as in Sorathia et al. (2012) and Hawley (2001), the
gravitational potential does not include the vertical
component of gravity.
2.2. Units & Scaling
To set up initial conditions that are in general
agreement with the properties of typical CV systems,
we begin by listing the properties of a well-studied CV
system: SS Cygni. This system has a 1.2M⊙ WD and
a 0.7 M⊙ companion star in orbit with a period of 6.6
hr, which implies a binary separation of 2.24 R⊙. The
mean interval time between outbursts of SS Cygni is 40
days, with typical time of decay from outbursts being
2.4 days. The mass inflow rate from the companion
star is of order 10−9M⊙/ yr (Cannizzo 1993). Ac-
cording to thermal limit models (e.g. Cannizzo 1993),
at a radius of 2 × 1010 cm from the WD (around the
mid-radius area of the disk), the typical surface den-
sity of the WD accretion disk is ≈ 200 g cm−2, and
the midplane temperature is ≈ 3000 K which implies
the local Mach number of M ∼ 280 (where M is ra-
tio of kinematic velocity and sound speed of the gas).
While there is a wide variation of these parameters
among CV systems, we take the SS Cygni system as a
reference system.
In this work, the equations are solved in dimen-
sionless form. We define the unit of mass such that
GM0 = GM1 + GM2 = 1, and the unit of length to
be the separation of the binary a0 = 1. Therefore, the
orbital frequency of the binary Ω0 =
√
GM0/a30 = 1.
The unit of time is the inverse of the angular fre-
quency of the binary orbit t0 = Ω
−1
0 = 1 which makes
one orbital period of the binary P/t0 = 2pi. The
donor star orbits on a unit circle at frequency Ω0, so
R2 = (cos(t), sin(t), 0).
If our internal units were scaled to the SS Cygni
system, then our unit of length is a0 = 2.24R⊙, our
unit of mass is M0 ∼ 2.44 × 10
−9M⊙ and our unit of
time is 1.05 hr which yields a binary orbit of 6.6 hrs. If
we express the properties of SS Cygni in our internal
units, then the binary stars are separated by 1R0, the
mean interval time between outbursts is 914 t0, and
outbursts decay on the timescale of 54 t0; the mass in-
flow rate from the companion star is 4.9× 10−5M0/t0;
the reference radius 2× 1010 cm is about 0.13 R0, and
at this radius, the surface density of the disk is around
1 M0/R
2
0.
CV disks may be very cold according to both
eclipse mapping observations and 1D analytical mod-
els. From brightness map reconstruced by eclipse map-
ping, the surface temperature of CV disks spans from
8000K (outer radius) to 40000K (inner radius) during
outbursts, and from 2000K (outer radius) to 6000K
(inner radius) during quiescence (Horne & Cook 1985;
Wood et al. 1986; Rutten et al. 1992; Baptista et al.
1998). The corresponding Mach numbers are 50− 200
during outbursts, and 200 − 600 during quiescence
(note uncertainties exist in evaluation of WD mass and
CV mass ratio). It is worth noting that the midplane
temperature of CV disk which essentially affect disk
structures may be a few decades higher than the sur-
face temperature from eclipse mapping observations.
According to 1D thermal limit models (e.g. Cannizzo
1993; Gammie & Menou 1998; Voloshina & Khruzina
2000), SS Cygni has midplane Mach number of ∼ 280
in quiescence and ∼ 60 in outburst at a radius of
2×1010 cm from the WD (around the mid-radius area
of the disk). Such extreme Mach numbers are very
challenging for numerical simulations. Previous nu-
merical work on CV disks typically have adopted Mach
numbers from less than 10 to 20 (e.g. Makita et al.
2000; Kley et al. 2008). In this work, we take an ini-
tial sound speed of 0.1 R0/t0 throughout the disk,
corresponding to M ∼ 60 at the inner boundary. It
is worth noting that although in isothermal simula-
tion the Mach number will stay nearly constant over
time, in adiabatic simulations the Mach number be-
comes smaller as the disk evolves and heats up. We
discuss the effect of unphysically low Mach numbers
on angular momentum transport by spiral waves more
thoroughly in §4.
2.3. Initial and Boundary Conditions
In cylindrical coordinates, our computational
domain spans (R, φ, z) ∈ [0.02, 0.62] × [0, 2pi] ×
[−2H0, 2H0] for 3D MHD simulations and (R, φ) ∈
[0.02, 0.62] × [0, 2pi] for 2D hydro simulations where
H0 = cs/Ω = 0.02 is the fiducial thermal scale height.
The outer radial boundary at R = 0.62 is the radius of
the first Lagrangian point L1 for a binary with mass
ratio q = 0.3, and the inner radial boundary 0.02 is
approximately four times the surface radii of the WD.
Our fiducial simulations have 384×704×32 cells for 3D
MHD models and 384× 704 cells for 2D hydro cases.
Parameters of all models in this work are summarized
in Table 1.
The grid spacing is increased logarithmically in the
radial direction (∆R ∝ R) and is uniform in the az-
imuthal and vertical directions. Spiral arms excited in
binary systems are nearly self-similar (Spruit 1987),
so that the radial spacing between shocks becomes
smaller at small radii. By using logarithmic grid spac-
ing in radius, we can resolve the spiral shocks equally
well at any radii. Moreover, with a logarithmic grid,
we are able to ensure ∆R/R = ∆φ = const, i.e. the
grid cells are square in physical size at all radii which
reduces numerical diffusion due to highly distorted
grid cells.
In the 3D MHD simulation, we initially put a
small low-density disk with Σ = 0.01 in the radial
range of R ∈ [0.02, 0.1] and set Σ = 10−5 in all the
other regions (R ∈ [0.1, 0.62]) to represent vacuum.
Global MHD Simulation of CV Disks 5
Table 1
Model Parameters
Model Inflow EOS Domain Resolution
MHD Inflow adiabatic γ = 1.1 [0.02, 0.62]× [0, 2pi]× [−0.04, 0.04] 384× 704× 32
Hydro No Inflow adiabatic γ = 1.1 [0.02, 0.62]× [0, 2pi] 384 × 704
Hydro No Inflow adiabatic γ = 1.2 [0.02, 0.62]× [0, 2pi] 384 × 704
Hydro No Inflow adiabatic γ = 1.3 [0.02, 0.62]× [0, 2pi] 384 × 704
Hydro No Inflow isothermal cs = 0.1 [0.02, 0.62]× [0, 2pi] 384 × 704
Hydro No Inflow isothermal cs = 0.3 [0.02, 0.62]× [0, 2pi] 384 × 704
Hydro Inflow adiabatic γ = 1.1 [0.02, 0.62]× [0, 2pi] 384 × 704
Hydro Inflow adiabatic γ = 1.2 [0.02, 0.62]× [0, 2pi] 384 × 704
Hydro Inflow adiabatic γ = 1.3 [0.02, 0.62]× [0, 2pi] 384 × 704
Hydro Inflow isothermal cs = 0.1 [0.02, 0.62]× [0, 2pi] 384 × 704
Hydro Inflow adiabatic γ = 1.1 [0.02, 0.62]× [0, 2pi] 192 × 352
Hydro Inflow adiabatic γ = 1.1 [0.02, 0.62]× [0, 2pi] 768 × 1408
The initial velocity is Keplerian where vR = vz = 0,
vφ =
√
GM1/R3. The initial pressure is P = 10
−4
throughout the disk. We then inject gas stream from
the L1 point, letting the disk form self-consistently.
We use adiabatic EOS with the specific heat ratio
γ = 1.1.
In the 2D hydrodynamical simulations, we use two
sets of initial conditions, with one set simulating a CV
disk without an accretion stream (no-inflow case), and
the other set simulating a CV disk with an accretion
stream from the L1 point (with-inflow case). For the
no-inflow case, we start with uniform gas surface den-
sity Σ0 = 1 throughout the disk to R = 0.62. The
initial gas pressure is P = 0.01 for adiabatic runs and
sound speed is cs = 0.1 for isothermal runs. For the
with-inflow case, we initially set floor density in the
whole computational domain Σ0 = 10
−5 to represent
vacuum. The initial gas pressure is P = 10−4 for adi-
abatic runs and sound speed cs = 0.1 for isothermal
runs. The initial velocity is Keplerian, with vR = 0,
vφ =
√
GM1/R3.
We use periodic boundary conditions in the az-
imuthal and vertical directions. The boundary con-
ditions in the radial direction depend on whether or
not there is gas inflow at the location. At the L1 re-
gion which spans φ ∈ [−0.1, 0.1] at outer boundary
and consists of 10 azimuthal cells with the fiducial
resolution, the gas surface density is Σ0 = 1, radial
velocity is vR = −0.01, and azimuthal velocity is set
to be vφ = RΩ0 to make the L1 region corotate with
the donor star. The gas pressure is P = 0.01 for adi-
abatic runs and sound speed cs = 0.1 for isothermal
runs. All the variables are constant over time at the
L1 ghost region. At all other regions, we use ”free
outflow, no inflow” boundary condition, which copies
variables from the last active cells to the ghost cells ex-
cept radial velocities vR and azimuthal velocities vφ.
Azimuthal velocities in ghost zones are set to their lo-
cal Keplerian values. For radial velocities, if vR of the
last active cell is outflowing (i.e. vR > 0 at the outer
boundary, or vR < 0 at the inner boundary), we copy
its value to the ghost cells; otherwise, we set vR = 0
at the ghost cells to avoid unwanted mass inflow.
For our MHD runs, the boundary conditions for
the magnetic field are also treated separately in the
L1 region and other regions. At non-L1 regions, we
simply copy the magnetic field components of the last
active cells to ghost cells. At the L1 region, we provide
seed magnetic field flowing in with the gas. Magnetic
field loops are set by a magnetic vector potential
A(R) =
√
2Pgas
β
2Rloop
pi
cos(
pi
2
|R−Rref (t)|
Rloop
)zˆ, (4)
where β is magnetic pressure to gas pressure ratio,
Rref (t) = (R = R0 + vRt, φ = Ω0t, z) is a reference
point that has the same velocity with the gas inflow at
L1 point. The size of magnetic loops is Rloop ∼ 0.06.
The magnetic field components can then be calculated
by
B = ∇×A, (5)
which forms field loops in the disk plane advecting
with the background inflow at L1 region. In this work,
we adopt β = 100. One problem we ran into with this
boundary condition of field loop injection is that the
seed magnetic filed leaks out of the gas stream since
the L1 region rotates with the companion star and the
ghost cells representing L1 region keeps changing. We
deal with this problem by doing the MHD models in
the frame that corotates with the companion star in
which the L1 region stays static. Coriolis force and
centrifugal force in the rotating frame is added ac-
cordingly to the momentum and energy conservation
equations (Eq. 1c and 1d).
2.4. Angular Momentum Budget
It is critical to understand the angular momentum
budget of infalling gas in our simulations. Thus, we
use terms from the angular momentum conservation
equation as diagnostics of the flow. For inviscid gas,
the angular momentum conservation equation in cylin-
drical coordinates is
∂t < ρRvφ>= −
1
R
∂R(R
2 < ρvRvφ >
−R2 < BRBφ >)+ < R× Fext >, (6)
where Fext = −∇Φtot is the external gravitational
force. The notation < X > represents the vertical
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and azimuthal integration of variable X within a ring
of radial width ∆R at radius R:
< X >=
∫ zmax
zmin
∫ 2pi
0
Xdφdz∆R
=
∑
k
∑
j
Xi,j,k∆φj∆zk∆Ri. (7)
Once the disk reaches steady state, it is almost Ke-
plerian throughout the simulation time, so the evolu-
tion can be more clearly seen in the perturbed angu-
lar momentum ρRδvφ = ρR(vφ − vK). Substituting
vφ = vK + δvφ and multiplying R on both sides, equa-
tion 9 becomes
∂t < ρ > (RvK)R + ∂t < ρRδvφ > R
=−∂R < RρvR > (RvK)− < RρvR > ∂R(RvK)
−∂R(R
2 < ρvRδvφ >) + ∂R(R
2 < BRBφ >)
+ < R× Fext > R. (8)
Note that the first terms on the left and right side can-
cel due to mass conservation equation (Eq.1a). The
conservation equation for perturbed angular momen-
tum becomes
∂t < ρRδvφ > R
=− < RρvR > ∂R(RvK)− ∂R(R
2 < ρvRδvφ >)
+∂R(R
2 < BRBφ >)+ < R × Fext > R. (9)
The left hand side is the time derivative of per-
turbed angular momentum volume-integrated within
the ring, which is nearly zero if the disk reaches quasi-
steady state. We define
AMt(R) = ∂t < ρRδvφ > R. (10)
On the right hand side of Eq.9, the first term is related
with the total mass accretion rate passing through this
ring, thus we define
AMM˙ (R) = M˙∂R(RvK)∆R, (11)
where M˙ = − < RρvR > /∆R = −2piRΣvR. The sec-
ond term is radial advection of the angular momentum
flux volume-integrated within the ring, thus
AMFH(R) = −∂R(R
2FH), (12)
where TH =< ρvRδvφ > is the Reynolds stress. The
third term is the radial gradient of Maxwell stress
volume-integrated within the ring,
AMTM (R) = −∂R(R
2TM ), (13)
where TM = −BRBφ is the Maxwell stress. Finally
the last term is the torque exerted by the donor star
volume-integrated within the ring
T (R) =< R× Fext > R. (14)
For linear wave propagation, the angular momentum
flux advection term AMFH should exactly cancel ex-
ternal torques T and lead to zero mass accretion rate.
In this scenario, the torques are all used to restore the
spiral structures, i.e. all the angular momentum added
via the torques is immediately carried away by advec-
tive angular momentum fluxes. However, if the waves
steepen into shocks, part of the angular momentum is
lost by shock dissipation, and net mass accretion oc-
curs. In terms of angular momentum conservation, the
shock dissipation can be quantified by the difference
between the external torques and the angular momen-
tum flux advection, which is the sum of the last two
terms in Eq.9. It is clear from the equation that when
the disk reaches steady state, dissipation equates the
mass accretion term,
−AMM˙ (R) ≈ AMFH(R) +AMTM + T (R) (15)
which indicates dissipation is the source of accretion
in the case of inviscid hydrodynamics.
3. THE MHD MODEL
We begin by describing the evolution of our fiducial
MHD simulation. Parameters of this model are sum-
marized in Table 1. Initially gas containing toroidal
magnetic field loops from the companion star flows at
constant rate through the L1 point into the Roche lobe
of WD which is nearly vacuum initially. Since the gas
has non-zero angular momentum relative to the WD,
the gas stream follows an elliptical trajectory. After
the trajectory closes the ellipse and crosses the initial
inflow stream, the gas shocks, and the gas stream is
circularized at a radius of R ∼ 0.19, and a disk begins
to form. Due to the nonaxisymmetric potential of the
binary stars, two spiral arms are excited in the disk.
The toroidal field loops in the gas stream are stretched
in the azimuthal direction and MRI turbulence quickly
develops.
Angular momentum transport is driven by both
the spiral shocks (See §4 for more detailed discussion)
as well as Maxwell stress associated with MRI tur-
bulence, and leads to mass accretion. In Fig. 1 we
plot the time evolution of azimuthally integrated mass
accretion rate at the inner boundary (red line) and
the outer boundary (black line). At the inner bound-
ary, the mass accretion rate increases rapidly at early
times. This is due to two factors. On the one hand, the
mass supply rate at the outer boundary is larger than
the mass accretion rate at the inner boundary during
0 < t < 30. Thus, mass accumulates in the disk and
the spiral shocks become stronger which causes faster
mass accretion. On the other hand, magnetic field
builds up in the disk and MRI turbulence becomes
more vigorous which also adds to the mass accretion
rate. At the outer boundary, the mass accretion rate
is a combination of gas injection at the L1 region and
gas outflow at all other regions. Although the gas in-
jection rate stays roughly constant, the outflow rate
grows as the disk gets hotter and gas is expelled due
to outward transport of angular momentum. The in-
crease in disk temperature is due to our use of adia-
batic EOS with specific heat ratio γ = 1.1. The disk
is heated up by the dissipation of both spiral shocks
and MRI turbulence. At t ∼ 30, the mass accretion
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Figure 1. Evolution of mass accretion rates at inner (red
dashed line) and outer (black solid) boundaries for the MHD
model. During 0 < t < 30, the accretion rate at the inner
boundary increases with time as spiral shocks and MRI develop.
Meanwhile, net mass inflow at the outer boundary decreases be-
cause gas outflow increases as the disk gets hotter while the mass
injection rate at the L1 point stays constant. After time 30, the
accretion rates at inner and outer boundaries match and the
disk reaches steady state.
rate at inner and outer boundaries match and the disk
reaches quasi-steady state.
In Fig. 2 we show snapshots of the density (upper
panel) and strength of the magnetic field (|B|, lower
panel) in the steady-state disk at t = 43. The two-
armed spiral pattern is clearly evident even with the
existence of saturated MRI turbulence. The magnetic
β averaged around this time period is in the range of
[300 - 1000] with variations along radius.
As we will discuss in more detail in §4.2, the pat-
terns of spiral arms are due to resonant wave propaga-
tion excited by the tail of m = 2 Lindblad resonance
and can be understood with linear wave theory. The
major difference of this MHD model from the previous
hydrodynamical models (Savonije et al. 1994; Blondin
2000; Makita et al. 2000; Kley et al. 2008) and those
we present in §4.2 is that density waves propagate as
fast magnetosonic waves instead of sound waves. In
Fig. 3 we show the surface density of the disk in polar
coordinates (upper panel) and in logR−φ coordinates
(lower panel) repectively. The black lines show a fit
to the spiral arm pitch angles using the linear disper-
sion relation with both the fast magnetosonic speed√
c2s + v
2
A (solid line) and sound speed cs(dashed line).
Although the Alfven speed is small compared to the
sound speed in this model ( vA/cs ≈ 0.05 − 0.15), it
makes a clear difference; the dispersion relation for fast
magnetosonic waves fits the spiral arms better. This
is consistent with work by Zhu et al. (2013) discussing
spiral shocks in protoplanetary disks.
To compare the importance of angular momentum
transport due to spiral arms and MRI, we compare the
time averaged Reynolds stress TR and Maxwell stress
Figure 2. Snapshots of gas density (upper panel) and strength
of magnetic field (lower panel) in the MHD model at t = 43
(∼ 7 binary orbits). The two-armed spiral pattern is evident
with saturated MRI turbulence present in the disk.
TM scaled by gas pressure:
αR(R) =
2
3
< ρδvRδvφ >φ,z,t
< P >
, (16)
where δvR(R, φ, z, t) = vR(R, φ, z, t)− < vR >φ,z
(R, t), and
αM (R) =
2
3
< −BRBφ >φ,z,t
< P >
. (17)
The constant factor 2/3 is to be consistent with
the definition of α in standard α disk model
(Shakura & Sunyaev 1973).
Fig. 4 shows αR and αM averaged over time
35 to 60 of the MHD model (black and red lines),
as well as αR from an equivalent 2D hydro model
(run “Hydro-inflow-adiabatic γ = 1.1” in Table 1)
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Figure 3. Surface density of the MHD model in polar coordi-
nates (upper panel) and in logR− φ coordinates (lower panel).
The black lines show a fit to the spiral structures using linear
dispersion relation with the fast magnetosonic speed
√
c2s + v
2
A
(solid line) and sound speed cs (dashed line). The former gives
a better fit.
with the same configuration (blue line). In the MHD
model, αR is larger than αM , implying that spi-
ral shocks may be the dominant source of angular
momentum transport. This result is in stark con-
trast to previous local shearing-box MHD simula-
tions (Hawley et al. 1995) or global MHD simulations
(Hawley 2001; Balbus & Hawley 2002; Sorathia et al.
2012) of disks under axisymmetric gravitational po-
tentials, where the Maxwell stress is usually several
times larger than the Reynolds stress. The major rea-
son of this difference is that, in CV disks, the spi-
ral shocks excited by the non-axisymmetric poten-
tial induce more efficient redistribution and outward
transport of angular momentum than that induced
by pure hydrodynamical turbulence in axisymmetric
disks. The Reynolds stress here not only includes an-
gular momentum transport by local turbulence, but
more importantly includes transport by spiral shock
dissipation.
Note that αR in the MHD model is larger than that
in the hydro model at R < 0.25 where the majority
Figure 4. Time-averaged (over time 35 to 60) radial profiles of
effective αR (solid black line, Eq.16) and αM (dashed red line,
Eq.17)of the MHD model, and αR (solid blue line) of an equiv-
alent 2D hydro model (run”Hydro-inflow-adiabatic γ = 1.1” in
Table 1). αR dominates over αM in the MHD model, which
indicates spiral waves play a major role in angular momentum
transport. αR in the MHD model is larger than that in the
equivalent hydro model within the region of R < 0.25 where the
majority of the disk resides, which implies that spiral shocks
may be enhanced by MRI.
of the disk resides. This suggests that somehow the
MRI enhances the strength of spiral shocks. A possible
reason is that the MRI induces viscous spreading of
the disk. The increased size of the disk induces much
larger excitation of spiral density waves due to overlap
with resonances (see §4.1). Even a subtle increase of
the disk size can greatly enhance the strength of spiral
shocks in the disk.
An important caveat of this result is that, in this
particular MHD model with adiabatic EOS, the disk
temperature is quite high, giving an average Mach
number in quasi-steady state of around 5-10. This
is consistent with Mach numbers of previous hydro-
dynamical simulations of CV disks (e.g. Makita et al.
2000; Blondin 2000; Kley et al. 2008). However, in a
realistic CV disk at outburst, the Mach number should
be around 60 according the thermal limit cycle mod-
els (Cannizzo 1993; Gammie & Menou 1998). As we
will discuss in §4.2, as the disk temperature decreases,
the pitch angle of spiral arms becomes smaller (spirals
become tighter) and the strength of spiral shocks de-
creases. Therefore, results from this particular model
should be taken with caution. In a model with more
realistic temperature, the spiral shocks may play a less
important role.
Nevertheless, it is clear that in order to understand
the relative importance of spiral shocks and MRI in
angular momentum transport in CV disks, and their
interaction during outbursts, first we need to under-
stand thoroughly the excitation, propagation and dis-
sipation of spiral shocks. In the following sections, we
focus on 2D hydro models to study the formation of
spiral shocks and its mechanism of angular momentum
transport in such disks.
Global MHD Simulation of CV Disks 9
4. THE HYDRODYNAMICS OF CV DISKS
In this section, we use 2D hydrodynamical simula-
tions of CV disks to investigate the excitation, prop-
agation and non-linear dissipation of spiral density
waves. We use two sets of hydrodynamical models.
In the first set of models, we start with uniform gas
density filling the whole computational domain, and
do not include an accretion stream from the L1 point
(the “no-inflow model). The purpose of excluding the
accretion stream in this model is to separate the spiral
structures excited by the non-axisymmetric potential
from those associated with the impacts of the accre-
tion flow. In the second set of models, we start with
near vacuum represented by a floor density, and in-
ject gas at the L1 point (the “with-inflow model”).
The parameters of all models are listed in Table 1. In
both models, the spiral arms are quickly excited within
one orbit of the binary, and reach quasi-steady state
at around 7 orbits. There is no strict steady states
in most of our models, because the no-inflow mod-
els have net accretion but no mass supply, while the
with-inflow models have much slower mass accretion
rates than the mass inflow rates except the γ = 1.3
case where the accretion and inflow rates match and a
steady state is reached.
In Fig. 5 and Fig. 6 we show the surface den-
sity profiles of quasi-steady states of the no-inflow
and with-inflow models respectively. The panels in
each figure use a different EOS: isothermal EOS with
sound speed cs = 0.1 (and cs = 0.3 in no-inflow
model) and adiabatic EOS with specific heat ratio
γ = 1.1, 1.2, 1.3. A clear trend is that spiral patterns
are wound more openly as the disk temperature or
γ is increased. Moreover, comparing the two models
shows that the major effects of the accretion stream
are: 1) the with-inflow disks are more turbulent; 2)
the with-inflow scenarios have smaller disk sizes. The
former is likely driven by hydrodynamical instabili-
ties associated with thin shock waves (e.g. Vishniac
1983). The latter is due to different initial conditions
in the two scenarios: in the no-inflow model we start
with uniform Keplerian flow that includes gas with a
larger initial specific angular momentum; whereas in
the with-inflow model, the disk forms self-consistently
from vacuum with the size of the disk depending on
processes that transport angular momentum outward,
e.g. spiral shock dissipation. The with-inflow model
with isothermal EOS has the smallest disk because it
has the weakest spiral shock dissipation. In the fol-
lowing sections, we perform detailed investigations of
the spiral patterns from the perspectives of wave ex-
citation (§4.1), propagation (§4.2), shock dissipation
(§4.3) and energy budget (§4.4) respectively, and also
present a convergence study in §4.5.
4.1. Wave Excitation
Linear theory predicts that density waves are ex-
cited at the Lindblad resonances in the context of pro-
toplanetary disks, and the satellite exerts a torque on
the disk only in the immediate vicinity of its Lindblad
resonances (Goldreich & Tremaine 1980). However, in
a CV disk, since the mass ratio of the binary stars is
of order unity, strong tidal effects truncate the disk
far from the Lindblad resonances. For example, in our
simulations where the mass ratio is q = 0.3, the posi-
tion of the inner 2:1 resonance of the companion star is
at R = 0.57a0 (a0 being the binary separation) while
higher order resonances are further out, whereas the
disk is usually truncated at around R ∼ 0.35a0.
In this case, could density waves still be excited
by Lindblad resonances? Rafikov & Petrovich (2012)
found the torque density exerted by the satellite is not
localized in a narrow region around each Lindblad res-
onance, but rather spreads out over a finite width. The
spatial distribution of the perturbations in a homoge-
neous disk can be approximated with Airy functions,
where the perturbation wavelength is related to the
local scale height, and amplitude drops exponentially
with distance from the resonance.
In a realistic CV disk, the density profile is not ho-
mogeneous due to tidal truncation. The total torque
exerted on the disk should then be the convolution of
the perturbation for a homogeneous disk, the realis-
tic surface density profile, as well as the gravitational
force profile which can change the perturbation am-
plitude on a length scale much larger than the wave
perturbation. Savonije et al. (1994, SPL94 hereafter)
presented linear response calculations of tidal inter-
action in binary systems, and found the total torque
exerted on the disk (i.e the angular momentum trans-
ferred away from the disk) in a WKB approximation
is (see their Equation 13):
Ttot ∝
∣∣∣∣∣
∫ Rmax
Rmin
Σ0rSXdr
∣∣∣∣∣
2
(18)
where Σ0 is the unperturbed surface density profile, X
is the wave perturbation in the disk without forcing by
the companion star, and S is related to them = 2 com-
ponent of the gravitational force from the companion
star.
The total torque exerted on the disk strongly de-
pends on two factors: Mach numberM and size of the
disk. If the disk has a large Mach number, the wave
perturbations have shorter wavelengths. Considering
the large length scale over which the binary gravita-
tional force varies, cancellation effects tend to lead to
a smaller residual total torque than that exerted on a
disk with smaller Mach numbers. On the other hand,
if the disk is smaller in size, then most of the gas can
only overlap with the tail of the wave perturbations
with smallest amplitudes far away from the Lindblad
resonance, and a much smaller total torque is exerted
as a result.
We have performed idealized numerical tests sim-
ilar to SPL94 and confirmed the trends. Without
adding an accretion stream from the L1 point, we start
from a truncated Keplerian disk that initially is in
radial hydrostatic equilibrium, and allow it to evolve
self-consistently with isothermal equation of state and
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Figure 5. Snapshots of surface density of the no-inflow hydro models at t = 20(∼ 3 binary orbits). The top panels show isothermal
models with sound speed cs = 0.1 and cs = 0.3 respectively. The bottom three panels show adiabatic models with specific heat index
γ = 1.1, 1.2, 1.3. White lines show the Roche lobe surface of the WD. The spiral patterns are wound more openly as cs or γ increases,
which can be explained by linear dispersion relation (see §4.2).
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Figure 6. Snapshots of surface density of the with-inflow hydro models. The top left panel shows an isothermal model with sound
speed cs = 0.1. The rest three panels show adiabatic models with specific heat index γ = 1.1, 1.2, 1.3 respectively. White lines show
the Roche lobe surface of the WD. Similar to the no-inflow models, the spiral patterns are wound more openly as γ increases, which
can be explained by linear dispersion relation (see §4.2). Compared with no-inflow models, the with-inflow models have disks that
are more turbulent and smaller in size.
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Table 2
Total torques
Sound Speed cs Initial Disk Size Total Torque
(1) (2) (3)
0.1 ∼ 0.3 7.2× 10−5
0.1 ∼ 0.25 2.5× 10−5
0.1 ∼ 0.2 3.8× 10−6
0.03 ∼ 0.25 ∼ 1× 10−7
0.1 ∼ 0.25 2.5× 10−5
0.3 ∼ 0.25 2.3× 10−4
a binary mass ratio of q = 0.3. In Table 2 we show the
total torques measured from quasi-steady states of our
simulations with various sound speeds and disk sizes.
The values are time-averaged and normalized by disk
mass. With the disk sound speed fixed, the torque
drops quickly when the disk size decreases from 0.3
to 0.2. With the initial disk size fixed instead, the
torques drops when the disk sound speed decreases
(i.e. Mach number increases). While these trends
are qualitatively consistent with linear response theory
mentioned above, there are complications with such
comparisons. For example, we do not find a linear
scaling between the total torque and 1/M as SPL94
found. In our simulations whenM decreases, the disk
is more radially extended due to the higher gas tem-
perature. The extension makes the disk outer edge
closer to the Lindblad resonance, and so leads to a
larger torque, which is an effect independent of that
from decrease of M. SPL94 found the linear scaling
instead because they cut their computational domain
according to the size of disk they set initially, while
we always cover the whole domain within the radius
of L1 point.
4.2. Wave Propagation and Spiral Structures
In Fig. 5 we show snapshots of the CV disk at
quasi-steady states at t = 20 with various equation
of states (EOS): isothermal EOS with cs = 0.1 and
cs = 0.3, and adiabatic EOS with specific heat ratio
γ = 1.1, 1, 2, 1.3. We observe the trend that pitch
angles of spiral arms increase, i.e. the spirals are
more openly wound, as the gas specific heat ratio γ
increases. This is consistent with previous numerical
work such as SPL94 and Makita et al. (2000). Spruit
(1987) analytically solved equations of motion of a thin
disk with a disturbance at outer edge and with self-
similar shocks, and obtained a unique relation between
the opening angles of the shock and the specific heat
ratio γ (see his Eq. 61):
tan2 θ˜ =
2
γ − 1
− 2
nr + 1
γ
− 1 (19)
where θ˜ is the angle between the shock and radial di-
rection, which is complementary to the opening angle
of the shocks, and nr is the number of shocks assumed.
This relation shows the shocks are more openly wound
as γ increases, which is consistent with our results.
However, this relation also indicates θ˜ = 90◦ (i.e. zero
opening angle) when γ = 1 which is equivalent to an
isothermal EOS. Instead, we find the spirals have non-
zero opening angles in our isothermal simulations with
cs = 0.1 and cs = 0.3.
The spiral patterns can be understood from the
perspective of wave propagation (Ogilvie & Lubow
2002). The spiral over-dense regions in the disk are
wave fronts excited at Lindblad resonances. There-
fore, if the non-linear shock dissipation is weak, the
spiral patterns in our simulations should follow the
linear dispersion relation for tightly wound hydrody-
namic waves in a two-dimensional gas disk:
[m(Ω− Ωp)]
2 = κ2 + c2sk
2, (20)
where m is the azimuthal wavenumber, Ω(r) is the
local angular frequency of gas, Ωp is the pattern an-
gular frequency, κ(r) is the epicyclic frequency, and
k(r) is the radial wavenumber. In our case, the disk
is nearly Keplerian, so that κ ≈ Ω; The pattern an-
gular frequency is determined by the rotation of the
companion star, so that Ωp = Ω0 = 1.
If we assume any quantity X of the linear waves
follows the form of
X(r, φ, t) = ℜ[C(r) exp[iΦ(r, φ, t)]], (21)
where (r, φ, t) is the position and time of interest, C
is the amplitude of the wave and Φ is the phase of the
wave
Φ(r, φ, t) =
∫
k(r)dr +m(φ− Ωpt). (22)
Then one spiral arm at a specific t, which consists of
all the positions with the same phase Φ, should satisfy
the following relation
dφ
dr
= −
k
m
= −
1
cs
√
(Ω− Ωp)2 − κ2/m2 (23)
Therefore, the pitch angles of a trailing spiral arm sat-
isfy
tan(θ)=−
dr
rdφ
=
cs
R
√
(Ω− Ωp)2 − κ2/m2
=
1
M
1√
(1− Ωp/Ω)2 − 1/m2
. (24)
This relation indicates that the local pitch angles
should only depend on the local gas temperature and
azimuthal velocity.
We show the spiral arm patterns fitted with Eq. 24
and m = 2 in Fig. 7 (no-inflow models) and Fig. 8
(with-inflow models). On the left panels of each fig-
ure, the black lines, which are the positions of wave
fronts calculated from Eq. 24, overlap with the spi-
ral patterns from our simulations quite well in most of
the disk area. However, deviations are observed at the
outer edge of the disk which are due to the non-linear
effects in the disk: 1) the pressure gradient at the
outer disk edge is significant which we do not include
in the linear dispersion relation (Eq. 20); 2) the im-
pact between the L1 accretion stream and background
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flow excites a bow shock (the “hot spot” in observa-
tions) which does not follow the linear wave dispersion
relations.
To better understand how well the pitch angles sat-
isfy the dispersion relation, we locally measure the an-
gles at the sampling positions marked as short black
dashes on the right panel of Fig. 7 and 8. We plot
these measured angles versus radius on the left pan-
els of Fig. 9, and the relation in Eq. 24 on the right
panels of Fig. 9. The pitch angles follow the disper-
sion relation very well. Most of the outlying points are
due to non-linear effects at outer edge of the disk as
mentioned above.
Therefore, instead of a unique relation between the
opening angles of the shock θ and the specific heat ra-
tio γ, we find the more underlying relation is between
θ and the local gas temperature or M: θ increases as
M decreases. The trend of increasing θ with increas-
ing γ observed in our simulations as well as in previous
numerical work (e.g. Makita et al. 2000) is because a
larger γ usually results in a disk that heats up faster.
4.3. Angular Momentum Transport by Spiral Shocks
In §2.4 we analytically studied the angular mo-
mentum budget of the disk. In Fig.10 we show the
time-averaged values of the angular momentum terms
of no-inflow and with-inflow hydro models using adi-
abatic EOS with γ = 1.1: The time derivative term
AMt(R) is shown as a solid black line, the angular mo-
mentum flux term AMFH(R) as a solid light blue line,
the torque term T (R) as a dashed dark blue line, the
dissipation term AMFH(R) + T (R) as a dash-dotted
yellow line, negative of the mass accretion rate term
−AMM˙ (R) as a dotted purple line, and lastly the sum
of AMFH(R)+T (R)+AMM˙(R) as a red dashed line.
The perfect match between the black and red lines
shows the numerical conservation of angular momen-
tum. The time derivative term AMt(R) (solid black
line) has much smaller values than the other terms,
meaning the disk reaches quasi-steady state. The
good match between the mass accretion rate term
−AMM˙ (R) (dotted purple line) and the dissipation
term (dash-dotted yellow line) shows proof of the re-
lation in Eq. 15: local shock dissipation indeed drives
mass accretion. The excellent agreement term-by-
term between the simulation and simple theory gives
us confidence that numerical diffusion of angular mo-
mentum is very small, and our numerical methods are
accurate. We stress numerical effects further in §4.5.
4.3.1. Effective Alpha
In addition to mass accretion rate, another parame-
ter of broad interest is the effective angular momentum
transport efficiency, αeff . Most previous work on hy-
drodynamical simulations of accretion disks calculate
αeff using ratio of averaged Reynolds stress ΣδvRδvφ
to gas pressure. However, this is only suitable in a
disk with axisymmetric gravitational potential where
no net torque is exerted on the disk, and thus the
Reynolds stress acts like a viscous tensor. Instead,
in a disk with binary potential like a CV disk, the
angular momentum budget in Fig. 10 shows that the
Reynolds stress gradient AMFH(R) is mostly canceled
by the torques T (R) exerted by the companion star,
and only the residual, which is equivalently angular
momentum loss due to shock dissipation, is directly
related to mass accretion rate. Therefore, it is not ap-
propriate to calculate αeff from scaled Reynolds stress
in a CV disk.
Another point that is worth noticing is that an-
gular momentum transport by spiral shocks is fun-
damentally different from that by local viscosity. In
the former case, transport occurs at the location of
spiral shocks where Reynolds stress is generated due
to shocks, whereas in the latter case, transport oc-
curs everywhere in the disk due to local turbulence.
However, the definition of α in the standard thin disk
theory as well as the values of α quoted in the disk in-
stability models (DIM) interpreting CV observations
are based on a kinetic viscosity (Shakura & Sunyaev
1973). Then how do we evaluate αeff properly for
comparison with observations? We believe the mass
accretion rate provides the answer. If we define αeff
such that the corresponding kinetic viscosity under the
standard α theory induces the same mass accretion
rate observed in our simulations, then αeff =
M˙
3piΣcsH
.
This suggests caution is required when comparing val-
ues for αmeasured from observations with models that
assume a kinetic viscosity.
We can quantitatively prove this statement by re-
writing Eq.9 for a 2D steady-state hydrodynamical
disk:
M˙
R
∂R(RvK)
=
1
R
∂R(R
2 < ΣvRδvφ >φ)− < R× Fext >φ, (25)
where < X >=
∫ 2pi
0 Xdφ, M˙ = − < RΣvR >φ. Com-
paring with Eq.9, here we neglected the time deriva-
tive term by assuming the disk reaches steady state,
and the Maxwell term in the case of hydrodynamics.
Integrating this equation in the radial direction gives
M˙ =
R2 < ΣvRδvφ >φ −
∫
R < R× Fext >φ dR+ C
RvK
(26)
where we assume M˙ is a constant over radius in
steady state. Under the assumption of a geometrically
thin disk, we can adopt the standard α disk theory
(Shakura & Sunyaev 1973) and write
αeff =
M˙
3piΣcsH
=
2
3
TR
P
+
−
∫
R < R× Fext >φ dR+ C
3piΣcsHRvK
(27)
where TR =< ΣvRδvφ >φ /2pi is the azimuthally aver-
aged Reynolds stress, and H = cs/Ω is the local ther-
mal scale height. The constant C is set by the bound-
14 Ju et al.
Figure 7. Left: Surface density of no-inflow hydro models in polar coordinates. Black lines show the fitting of spiral arm structures
with linear dispersion relation. Right: Surface density of no-inflow hydro modes in logR − φ coordinates. Short black dashes show
the sample locations for measuring local pitch angles of spiral arms. The top two rows show isothermal models with sound speed
cs = 0.1 and cs = 0.3 respectively. The bottom 3 panels show adiabatic models with specific heat index γ = 1.1, 1.2, 1.3.
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Figure 8. The same with Fig. 7 for with-inflow hydro models. The top row shows isothermal model with sound speed cs = 0.1.
The bottom three rows show adiabatic models with specific heat index γ = 1.1, 1.2, 1.3.
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Figure 9. Linear wave dispersion relation fitting pitch angles of the spiral patterns for no-inflow models (upper panels) and with-
inflow models (lower panels). Left panels show radial profiles of pitch angles, and right panels show the relation between tangent of
pitch angles and the right hand side term in Eq. 24 related with local Mach numbers. Individual points represent the pitch angles
measured at the location of short dashes in Fig. 7 and 8. Solid lines show fitting using linear dispersion relation (Eq. 24) with m = 2.
ary condition. From this equation, we can clearly con-
clude that in a disk with non-axisymmetric gravita-
tional potential the mass accretion rate cannot be ac-
counted for with scaled Reynolds stress only, but also
includes effects from the external torque and boundary
condition. In Fig.11 we show the effective alpha calcu-
lated from M˙ (solid black line), from Reynolds stress
(2TR/3P , dashed cyan line), from the torque and inte-
gration constant terms (dashed blue line), and lastly
the sum of the latter two α (dashed red line) which per-
fectly overlap with the black line. The scaled Reynolds
stress underestimates the effective α by a factor of
1.5 − 4. At the outer radius, the external torque ex-
erted by the companion star plays an important role,
while at the inner radius, the constant C set by the
boundary cannot be neglected.
In Fig. 12 and Fig. 13, we show the time- and
azimuthal- averaged radial profiles over 25 time units
(∼ 4 binary orbits) of the following quantities for the
no-inflow models and with-inflow-models respectively:
surface density (12a, 13a), angular momentum (12b,
13b), mass accretion rate(12c, 13c), αeff (12d, 13d),
and Mach number M (12e, 13e). The values of αeff
are calculated using Eq. 27.
For the no-inflow models, the αeff is in the range
of [0.003, 0.03], varying with radius and EOS. In the
isothermal disk with sound speed cs = 0.1, mass ac-
cretion mostly happens at outer edge of the disk where
αeff ∼ 0.02, but αeff decreases to ∼ 0.003 at R < 0.1.
This is because, spiral arms have larger pitch angles
and stronger shock dissipation at outer part of the
disk, but as the spiral waves propagated to smaller
radii, the amplitudes of the waves become weaker, the
opening angles become smaller, and thus shock dis-
sipation becomes much weaker. Since the projection
of azimuthal velocity onto the normal of wave front
surface is much smaller as the waves are more oblique.
This αeff profile is consistent with previous work such
as Blondin (2000). As a result of this αeff profile,
most of mass is accumulated at outer edge of the disk
(Fig. 12a) due to low accretion efficiency at inner part
of the disk.
The αeff has different profiles in the adiabatic
disks. αeff ∼ 0.01 in the majority of the disk and in-
creases towards smaller radii. Shocks are stronger at
the inner part of the disk rather than at the outer edge
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Figure 10. Angular momentum budget terms (see §2.4 for def-
inition) of an adiabatic disk with γ = 1.1 for no-inflow (top) and
with-inflow(bottom) hydro models. All quantities are averaged
over every timestep during 25 < t < 50 for no-inflow models and
100 < t < 150 for with-inflow models. Solid black line shows the
time derivative term AMt(R). Solid light blue line shows the
angular momentum flux term AMFH(R). Dashed dark blue line
shows the torque term T (R). Dash-dotted yellow line shows the
dissipation term AMFH(R) + T (R). Dotted purple line shows
negative of the mass accretion rate term −AM
M˙
(R). Dashed
red line shows the sum of AMFH(R) + T (R) +AMM˙ (R). The
good match between the dissipation term (dash-dotted yellow
line) and the mass accretion term (dotted purple line) indicates
that dissipation indeed drives mass accretion.
as in the isothermal case (see Fig. 7 for comparison).
Shock dissipation heats up the inner part of the disk
and makes the opening angle of spirals large at small
radii. The large opening angles help sustain strong
spiral arms and shock dissipation. The M˙ reaches
a constant non-zero value throughout the whole disk
(Fig. 12c) meaning the disk reaches quasi-steady state.
Therefore, αeff increases towards smaller radii as the
surface density decreases. At the outer edge of the adi-
abatic disks, there is significant outflow for the disks
with γ = 1.2 and γ = 1.3. This is because as γ in-
creases, the disk temperature increases and some gas
may be blown out due to radial pressure gradient. Ef-
ficient angular momentum transport also contribute to
mass escape at the outer edge of the disk.
Figure 11. αeff calculated in several ways for the adiabatic
with-inflow hydro model with γ = 1.3: solid black line from
M˙ , dashed cyan line from Reynolds stress (2TR/3P ), dashed
blue line from the torque and constant C terms, dashed red line
showing sum of αeff from Reynolds stress, torque and C terms
(see Eq. 27 for definition). The quantities are azimuthally-
and time-averaged during the period of t = 100 − 150. Scaled
Reynolds stress underestimates the total αeff by a factor of
1.5− 4.
In the with-inflow models (Fig.13), αeff ∼ 0.02−
0.05 throughout the whole disk, larger than the no-
inflow models. In the isothermal model with cs = 0.1,
the disk has αeff ∼ 0.03 down to very small radii,
meaning the spiral shocks are still strong at inner part
of the disk, and accreted material could reach surface
of the WD. This indicates that the L1 accretion stream
could enhance angular momentum transport to some
extent. The values of αeff are order-of-magnitude
consistent with those from DNe observations during
quiescence states.
The averaged radial profiles ofM for the no-inflow
models and the with-inflow models are shown in Fig.
12e and 13e respectively. As the ratio of specific
heats increases from γ = 1 (the isothermal model) to
γ = 1.3, M decreases from ∼ 10− 50 to ∼ 3− 7. For
most of the models (all no-inflow models and the adi-
abatic with-inflow models), asM decreases (disk tem-
perature increases), αeff increases, especially at the
inner part of the disk where the majority of the disk
resides. This trend has several causes: 1) As discussed
in §4.1, lower M leads to stronger tidal response of
the disk to the perturbation of the companion star; 2)
Disk with lowerM is usually more radially extended,
which also strengthens the tidal coupling of the disk
and the companion star; 3) AsM decreases, the spiral
arms are more open which helps form stronger shocks
since the projected velocity gradient pertpenticular to
the shock surface is larger.
As we mentioned earlier in §2.2 and §3, the Mach
numbers M in our models (M ∼ 3 − 50) are lower
than real CV disks according to eclipse mapping ob-
servations (M∼ 50−200 during DNe outbursts). Ex-
trapolating the trend we observed above, we may infer
that αeff in a real CV disk is smaller than the range
of ∼ 0.02 − 0.05 observed in our simulations. How-
18 Ju et al.
ever, there are several points worth noting. Firstly,
the M values from eclipse mapping observations are
derived from blackbody brightness temperature which
is smaller than the midplane temperature that we refer
to in our models. Therefore, the midplane M in CV
disks is supposed to be smaller than quoted in eclipse
mapping observations (e.g. Baptista et al. 1998). Sec-
ondly, one exception for the trend of decreasing αeff
with increasingM is the isothermal with-inflow model
(see solid black line Fig. 13d): although this model
has the highest M, its αeff is comparable with that
in adiabatic models but much larger than that in the
isothermal no-inflow model. This may be secon-order
effects due to constant injection of gas from L1 point.
4.4. Energy Budget
Thermodynamics plays an essential role in angu-
lar momentum transport and mass accretion in CV
disks since the pattern of spiral density waves and
strength of shock dissipation are both sensitive to disk
temperature. In an accretion disk, local heating by
turbulence and shock dissipation is balanced by ra-
dial energy advection and radiative cooling. In our
adiabatic simulations without local radiative cooling,
we observe that the temperature profiles either have
reached steady state (e.g. the MHD model and the
with-inflow hydro model with γ = 1.3) or increase very
slowly compared to the radial advection time (e.g. the
with-inflow hydro models with γ = 1.1 and γ = 1.2).
This implies that the local heating by shock dissipa-
tion is balanced by the radial energy advection in these
simulations. This is in stark contrast to standard thin-
disk theory, where local dissipation is everywhere bal-
anced by radiative cooling (Shakura & Sunyaev 1973;
Balbus & Papaloizou 1999).
In future papers, we will report results from MHD
simulations with radiative cooling that treat disk ther-
modynamics more realistically. Such models are the
only way to investigate whether traditional thin vis-
cous disk theory accurately predicts the temperature
structure in CV disks when the radial advection of en-
ergy or work done by the binary torque is included.
Such questions are beyond the scope of the present
paper.
4.5. Convergence Study
In order to assure that our results are not affected
by numerical resolution, we perform a convergence
study using the with-inflow hydro model with adia-
batic EOS γ = 1.1. As listed in Table 1, our fiducial
resolution is 384(R)×704(φ). For comparison, we con-
duct a second model with half the fiducial resolution
192(R) × 352(φ) and a third model with double the
fiducial resolution 768(R)× 1408(φ). All three models
are using the same parameters and logarithmic spacing
in radial direction. In Fig.13, we show the snapshots of
the spiral patterns at t = 80 and compare the volume-
and time-averaged effective α for the three resolutions.
The effective α are all averaged over the time period
of 70− 80.
As seen in Fig.14, the spiral patterns have the same
shape in general and the disks have similar sizes. This
indicates that the general evolution of the spiral pat-
terns converges. The only difference we notice is that
as the resolution increases, the disk appears more tur-
bulent. This is because higher resolution resolves more
fine scale structures produced by instabilities (e.g.
Vishniac 1983). Regarding the parameter of the most
interest αeff , the fiducial resolution (384(R)×704(φ))
and the higher resolution (768(R) × 1408(φ)) models
are consistent, with αeff ∼ 0.02 in most of the disk.
This indicates that our fiducial resolution has reached
convergence in terms of αeff . We did similar conver-
gence tests for other hydro models, especially for the
isothermal models with cs = 0.1 which have the small-
est spiral pitch angles and thus are the most difficulty
cases to resolve, and found our fiducial resolution are
also converged in the measured value of αeff .
5. DISCUSSION
The results of the work presented in this paper
point to a complex interplay between angular mo-
mentum transport due to MRI turbulence and spiral
shocks. On the one hand, the MRI can enhance spiral
shocks, and hence the angular momentum transport
efficiency, for the following reasons. Outward trans-
port of angular momentum by MRI turbulence tends
to expand the disk, which makes the outer region of the
disk closer to the Lindblad resonance. This increase of
disk size can significantly strengthen the spiral waves.
MRI turbulence can also heat up the disk, which low-
ers the Mach number. With lower Mach numbers, the
opening angles of spiral waves are larger, which helps
to sustain stronger shocks due to a larger velocity jump
projected perpendicular to the wave surface. At the
same time, lower Mach numbers also strengthen the
spiral arms due to an increase of the wavelengths of
perturbations excited by Lindblad resonance. This is
confirmed by the MHD model we show in §3, where
the Reynolds stress in the MHD model with MRI tur-
bulence is indeed larger than that in the corresponding
hydro model (see Fig. 4).
However, MRI turbulence can also potentially
damp the spiral shocks in some circumstances and in-
hibit angular momentum transport by spiral shocks. If
the disk is cold, the spiral waves may be very weak. In
this case, the inward propagation of the spiral waves
may be significantly damped by the turbulent motions
induced by MRI essentially due to an effective turbu-
lent viscosity. Therefore, it is important to investigate
the relative importance of MRI turbulence and spi-
ral shocks in various physical circumstances including
different field geometries and different Mach numbers,
which will be the focus of the second paper in this
series.
Another factor of potential impact on the inter-
play between MRI turbulence and the spiral shocks
is vertical stratification. All simulations in this work
focus on unstratified disks where vertical structures
of density and temperature are neglected. If verti-
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Figure 12. Time- and azimuthal- averaged profiles over 25 time units (∼ 4 binary orbits) of surface density(panel a), angular
momentum(panel b), mass accretion rate(M˙ , panel c), effective α(panel d) for the no-inflow hydro models. The isothermal case has
very low accretion rate with αeff ∼ 0.003 at the inner part of the disk (R < 0.1), and thus mass pile up beyond radius 0.1. The
adiabatic cases have larger accretion rates down to the inner edge of the disk with αeff increasing as radius decreases.
20 Ju et al.
Figure 13. Time- and azimuthal- averaged profiles over 25 time units (∼ 4 binary orbits) of surface density(panel a), angular
momentum(panel b), mass accretion rate(M˙ , panel c), effective α(panel d) for the with-inflow hydro models. Both M˙ and αeff have
flat radial profiles in the whole disk with αeff ∼ 0.02 − 0.05 which is consistent with α from DNe observations during quiescence
states.
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Figure 14. Convergence study using the with-inflow hydro model with adiabatic EOS γ = 1.1. The first three plots show the
snapshots of surface density at t = 80 for resolution 192(R) × 352(φ), 384(R) × 704(φ) and 768(R) × 1408(φ) respectively. The last
plot shows the effective α averaged over time 70 − 80 for the three resolutions where our fiducial resolution (384(R) × 704(φ)) and
the higher resolution (768(R) × 1408(φ)) are converged.
cal stratification is included, vertical resonant forcing
would become important, and waves that propagate
radially can channel and tilt along the vertical di-
rection due to continuous change of vertical profile
(Lubow & Ogilvie 1998; Bate et al. 2002; Lee & Gu
2015). Along with the vertical propagation of waves,
wave amplitude changes and may steepen into shocks
(Zhu et al. 2015). The 3D structure of spiral waves
in a stratified CV disk and the interplay between the
3D waves with magnetic field can only be known with
non-linear global MHD simulations of stratified disks,
which is the goal of our future work and is beyond the
scope of the current paper.
Finally, it is interesting to examine whether the
disk in our MHD models show growth in eccentric-
ity driven by the elliptical instability (Lubow 1991;
Kley et al. 2008). This instability requires visocosity,
and therefore we do not expect it in an inviscid hydro
simulation. However it is often suggested that MRI
turbulence acts as a “viscosity”. Therefore, will it
drive the elliptical instability? We measure the eccen-
tricity of the disk using the same method as in Lubow
(1991, see their Eq.12) and Cuadra et al. (2009, see
their Eq.2), which utilizes the perturbation of the ve-
locity vectors. In each ring at radius R, the averaged
eccentricity is
e(R) =
|
∫
dφΣ(R, φ)vR exp(iφ)|∫
dφΣ(R, φ)vφ
. (28)
Then the averaged eccentricity of the whole disk is the
mass-weighted average of e(R) as Kley et al. (2008)
did. The mass average is to exclude the effects in the
outer part of our computational domain where there is
barely gas but the velocity perturbations are big due
to gravitational force from the companion.
In Fig.15 we show the time evolution of the mass
averaged eccentricity of the disk in the MHD model
and the with-inflow hydro model using adiabatic EOS
with γ = 1.1. In both of the models, we do not observe
significant growth in eccentricity within the time of
our simulations (t ∼ 300 in the hydro model and ∼ 60
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in the MHD model), and the eccentricity eventually
stays stable at e ∼ 0.02 − 0.04. Adopting αeff ∼
0.01 from Maxwell stress (see Fig. 4) and M ∼ 10
in our MHD model, the corresponding dimensionless
viscosity is ν = α/M2 ∼ 10−4. According to the ν =
10−4 model in Kley et al. (2008), the disk eccentricity
is expected to start growing from e ∼ 0.03 at ∼ 10
binary orbits (t ∼ 60 in our time units) to e ∼ 0.5
at ∼ 100 binary orbits (t ∼ 600 in our time units).
However, our 3D global MHD models are expensive
so that we only run to t = 60. At this time we do
not observe eccentricity growth yet (see black line in
Fig.15). We hope to investigate this problem further
with longer MHD simulations.
Figure 15. Time evolution of eccentricity in the MHD model
(black line) and the with-inflow hydro model using adiabatic
EOS with γ = 1.1. No elliptical instability is observed in either
model within the time of our simulations.
6. CONCLUSION
In this work, we conducted the first global MHD
simulations of unstratified CV disks with particular
focus on the dynamics of spiral waves observed in our
simulations. Our major conclusions are as follows:
1. The strength of spiral waves are very sensitive
to the size and Mach number of the disk because
the size controls how closely the outer edge of the
disk overlaps with the Lindblad resonance of the
companion, while the Mach number controls the
net amplitude of perturbations (see §4.1). Spiral
waves are stronger if the disk size is larger or the
Mach number is lower.
2. The pitch angles of spiral waves follow the linear
wave dispersion relation with m = 2 (see §4.2).
As the local Mach number is decreased, the spi-
ral arms are wound more openly. The self-similar
shock model by Spruit (1987) is not a good fit
to the spiral pattern, instead linear wave theory
works well.
3. By analyzing the angular momentum budget of
the disk, we conclude that the local shock dis-
sipation leads to angular momentum loss of the
disk gas and mass accretion(see §4.3). The effec-
tive αeff is ∼ 0.003−0.03 in the no-inflow cases,
and αeff ∼ 0.02− 0.05 in the with-inflow cases,
similar to observed values of DNe in quiescence.
In the second paper of this series, we focus on
global MHD simulations of unstratified CV disks to
investigate the relative importance of MRI and spiral
shocks in angular momentum transport and how their
relative importance depends on Mach number of the
disk and geometry and strength of the injected seed
magnetic field.
In the future, we plan global MHD simulations
of stratified CV disks including radiative cooling to
further study the interplay between MRI turbulence
and spiral shocks with realistic thermodynamics. In
addition, it would also be interesting to connect our
simulations to recent studies of WD boundary layers
(Belyaev et al. 2013) since our current inner boundary
is only a few WD radii.
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